Abstract. A differential geometrical and topological structure of Delsarte transmutation operators in multidimension is studied, the relationships with De Rham-Hodge-Skrypnik theory of generalized differential complexes is stated.
Introduction
Consider the Hilbert space H = L 2 (R m ; C N )), m, N ∈ Z + , with the scalar semilinear form on H * × H (1.1) (< ϕ, ψ >) :=
for any pair (ϕ, ψ) ∈ H * × H, where, evidently H * ≃ H, sign " ⊺ "is the usual matrix transposition. Take also H 0 andH 0 being some two closed subspaces of H and correspondingly two linear operators L andL acting from H into H. Definition 1.1. (J. Delsarte and J. Lions [2] ) A linear invertible operator Ω defined on the whole H and acting from H 0 ontoH 0 is called a Delsarte transmutation operator for a pair of linear operators L andL : H → H if the following two conditions hold:
• the operator Ω and its inverse Ω −1 are continuos in H; • the operator identity (1.2)LΩ = ΩL is satisfied.
Such transmutation operators were for the first time introduced in [1, 2] for the case of one-dimensional second order differential operators. In particular, for the Sturm-Liouville and Dirac operators the complete structure of the corresponding Delsarte transmutation operators was described in [8, 9] , where also the extensive applications to spectral theory were given.
As there was become clear just recently, some special cases of the Delsarte transmutation operators were constructed much before by Darboux and Crum (see [10] ).
A special generalization of the Delsarte-operators for the two-dimensional Dirac operators was done for the first time in [11] , where its applications to inverse spectral theory and solving some nonlinear two-dimensional evolution equations were also presented.
Recently some progress in this direction was made in [12, 13] due to analyzing a special operator structure of Darboux type transformations which appeared in [14] .
In this work we give in some sense a complete description of multi-dimensional Delsarte transmutation operators based on a natural generalization of the differential-geometric approach devised in [13] , and discuss how one can apply these operators to studying spectral properties of linear multi-dimensional differential operators.
The differential-geometric structure of a generalized Lagrangian identity
Let a multi-dimensional linear differential operator L : H → H of order n(L) ∈ Z + be of the form
where, as usually, α ∈ Z m + is a multi-index, x ∈ R m , and for brevity one assumes that coefficients a α ∈ S(R m ; EndC N ). Consider the following easily derivable generalized Lagrangian identity for the differential expression (2.1) :
where (ϕ, ψ) ∈ H * × H, mappings Z i : H * × H → C, i = 1, m, are semilinear due to the construction and L * : H * → H * is the corresponding formally conjugated to
Having multiplied the identity (2.2) by the usual oriented Lebesgue measure dx = ∧ j=
for all (ϕ, ψ) ∈ H * × H, where
Assume also that for any fixed element ϕ(λ) ∈ H * 0 , λ ∈ Σ, the set H ϕ ⊂ H 0 of functions ψ(µ) ∈ H 0 , µ ∈ Σ, satisfying the condition (2.5) is dense in H, that isH ϕ = H. Since the relationship (2.5) is semilinear in (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 , λ, µ ∈ Σ, one gets easily that it holds for any pair (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 , λ, µ ∈ Σ. Thus, taking into account that d 2 = 0, one follows from (2.3) by integration over 
where we have introduced following [7] a corresponding Hilbert-Schmidt rigged chain of Hilbert spaces (2.6)
allowing to determine properly a set of generalized eigenfunctions of extended operators L , L * : H − → H − , and Γ, Γ * ⊂ R m are some (n-1)-dimensional piecewise smooth hypersurfaces imbedded into the configuration space R m . Let now
) denote an (m-1)-dimensional piece-wise smooth hypersurface imbedded into R m such that its boundaries ∂S(σ
, where σ ∈ H m−2 (R m ; C) are some (m − 2)-dimensional homological cycles from the homology group H m−2 (R m ; C) of R m , parametrized formally by means of two points x, x 0 ∈ R m and related in some way with the chosen above hypersurfaces Γ and Γ * ⊂ R m . Then from (2.5) based on the general Stokes theorem [16, 17] one correspondingly gets easily that 
Define now actions of the following two linear Delsarte permutations operators Ω : H → H and Ω * : H * → H * still upon a fixed set of functions (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 , λ, µ ∈ Σ, :
Making use of the expressions (2.8), based on arbitrariness of the chosen set of functions (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 , λ, µ ∈ Σ, we can easily retrieve the corresponding operator expressions for operators Ω and Ω * :
where, by definition,
(2.10)
are of Volterra type multidimensional integral operators. It is to be noted here that now elements (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 and (φ(λ),ψ(µ)) ∈H * 0 ×H 0 , λ, µ ∈ Σ, inside the operator expressions (2.10) are arbitrary but fixed. Therefore, the operators (2.10) realize an extension of their actions (2.8) on a fixed pair of functions (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 , λ, µ ∈ Σ, upon the whole functional space H * × H. Due to the symmetry of expressions (2.8) and (2.10) with respect to two sets of functions (ϕ(λ), ψ(µ)) ∈ H * 0 × H 0 and (φ(λ),ψ(µ)) ∈H * 0 ×H 0 , λ, µ ∈ Σ, it is very easy to state the following lemma. 
where two sets of functions
For the expressions (2.11) to be compatible with mappings (2.8) the following actions must hold:
12)
where for any two sets of functions (φ(λ),ψ(µ)) ∈ H * 0 × H 0 and (φ(λ),ψ(µ)) ∈ H * 0 ×H 0 , λ, µ ∈ Σ, the next relationship is satisfied: 
Proof. For proving the theorem it is necessary to show that the formal pseudodifferential expressions corresponding to operatorsL andL * contain no integral elements. Making use of an idea devised in [13, 11] , one can formulate such a lemma. Based now on this Lemma and exact expressions of operators (2.10), similarly to calculations done in [13] , one shows right away that operatorsL andL * , depending correspondingly only both on the homological cycles σ
Lemma 2.3. A pseudo-differential operator L : H → H is purely differential iff the following equality
, marked by points x, x 0 ∈ R m , and on two sets of functions (φ(λ),ψ(µ)) ∈ H * 0 × H 0 and (φ(λ),ψ(µ)) ∈H * 0 ×H 0 , λ, µ ∈ Σ, are purely differential, thereby finishing the proof.◮ 3. The general differential-geometric and topological structure of
Delsarte transmutation operators
Let M :=R m denote a suitably compactified metric space of dimension m = dimM ∈ Z + (without boundary) and define some finite set L of smooth commuting to each other linear differential operators
x ∈ M, with Schwatrz coefficients a 
It is easy to see that the operation (3.2) in the case L j (x; ∂) := ∂/∂x j , j = 1, m, coincides exactly with the standard external differentiation d = m j=1 dx j ∧ ∂/∂x j on the Grassmann algebra Λ(M ; H). Making use of the operation (3.2) on Λ(M ; H), one can construct the following generalized de Rham complex
The following important property concerning the complex (3.3) holds. Below we will follow the ideas developed before in [3] .
Consider now the standard algebraic Hodge star-operation
ii) the m-dimensional measureβ ⊺ ∧ ⋆β > 0 under the fixed orientation on M. Define also on the space Λ(M ; H) the following natural scalar product: for any
Subject to the scalar product (3.5) we can naturally construct the corresponding Hilbert space 
Such a form is called harmonic. One can also verify that a harmonic form β ∈ H Λ (M ) satisfies simultaneously the following two adjoint conditions:
, easily stemming from (3.7) and (3.9).
It is not hard to check that the following differential operation in H Λ (M )
defines the usual [16, 17] external anti-differential operation in H Λ (M ). The corresponding dual to (3.3) complex 
,− (M ), and cohomology groups:
for any k = 0, m. Now by reasonings similar to those in [4, 17] one can formulate the following a little generalized de Rham-Hodge theorem. 
Another variant of the statement similar to that above was formulated in [3] and reads as the following generalized de Rham-Hodge-Skrypnik theorem. A proof of this theorem is based on some special sequence [3] of differential Lagrange type identities. Define the following closed subspace
is, as above, a suitable Hilbert-Schmidt rigged [7] zero-order cohomology group Hilbert space from the chain given by (3.15), σ(L) and σ(L * ) are , correspondingly, mutual spectra of the sets of operatorsL and L * . Thereby the dimension dim H * 0 = card Σ is assumed to be known. The next lemma stated by Skrypnik I.V. [3] being fundamental for the proof holds.
Lemma 3.4. (See Skrypnik I.V. [3] ) There exists a set of differential
for all k = 0, m and λ ∈ Σ.
Proof. A proof is based on the following generalized Lagrange type identity holding for any pair (ϕ(λ),
constructed above exactly constitute those searched for in the Lemma.⊲ Based now on this Lemma 3.3 one can construct the cohomology group isomorphism claimed in the Theorem 3.2 formulated above. Namely, following [3] , let us take some simplicial partition K(M ) of the manifold M and introduce linear mappings B (k)
where C k (M ), k = 0, m, are the free abelian groups over the field C generated, correspondingly, by all k-chains of simplexes S (k) ∈ C k (M ), k = 0, m, of the simplicial [17] complex K(M ) as follows:
The following theorem based on mappings (3.19) holds. 
for all pairs (λ, µ) ∈ Σ×Σ k , k = 0, m. This, in particular, means due to the Poincare lemma [16, 17] that there exist differential (k − 1)-forms
As a result of passing on the right-hand side of (3.19) to the homology groups H k (M ; C), k = 0, m, one gets due to the standard Stokes theorem [16] that the mappings
Making further use of the Poincare duality [17] between the homology groups H k (M ; C), k = 0, m, and the cohomology groups H k (M ; C), k = 0, m, correspondingly, one obtains finally the statement claimed in
, parametrized by (λ, µ) ∈ Σ × Σ k , k = 0, m, for which due to both Theorem 3.3 and the Stokes theorem [16, 17] the equality
holds, where
∈ H k (M ; C), k = 0, m, are some arbitrary but fixed elements parametrized by an arbitrarily chosen point x ∈ M. Consider next the integral expressions (3.24)
and interpret them as the corresponding kernels [7] of the integral invertible operators of Hilbert-Schmidt type Ω
(Σ k ; C), k = 0, m, where ρ and ρ k , k = 0, m, are some Lebesgue measures on the parameter sets Σ and Σ k , correspondingly. It assumes also above for simplicity that boundaries ∂S 
Suppose now that the elements (3.26) are ones being related to some another Del-
hold. Here, by definition, we will put 
The latter is, evidently, equivalent due to (3.28) to the following general expression:
For the condition (3.30) and (3.27) to be satisfied, let us consider the corresponding to (3.23) expressions
related with the corresponding external differentiation (3.30), where S (k) x ∈ H k (M ; C) and (λ, η) ∈ Σ × Σ k , k = 0, m. Assume further that there is also defined a mapping
with Ω * : H * → H * being an operator associated (but not necessary adjoint!) with the basic Delsarte transmutation operator Ω : H → H satisfying the standard relationshipsL
The corresponding Delsarte type operators (M ), η ∈ Σ k , k = 0, m. Now we need to formulate a lemma being important for the conditions (3.33) to hold. the set Σ. The related operator property (3.37) can be compactly written down as follows:
Construct now from the expressions (3.40) the following operator quantities in the Hilbert space L (ρ) 2 (Σ; C):
, . Thereby these Delsarte transformed operators can be effectively used for both studying spectral properties of differential operators [7, 5, 8, 9] and constructing a wide class of nontrivial differential operators with a prescribed spectrum as it was done [8, 6] in one dimension.
As was shown before in [5, 11] for the two-dimensional Dirac and threedimensional perturbed Laplace operators, the kernels of the corresponding Delsarte transmutation operator satisfy some special of Fredholm type linear integral equations called the Gelfand-Levitan-Marchenko ones, which are of very importance for solving the corresponding inverse spectral problem and having many applications in modern mathematical physics. Such equations can be naturally constructed for our multidimensional case too, thereby making it possible to pose the corresponding inverse spectral problem for describing a wide class of multidimensional operators with a priori given spectral characteristics. The mentioned problem appears (see [7] ) to be strongly related with that of spectral representation of kernels commuting in some sense with a given pair of differential operators. Also, similar to [11, 15] , one can use such results for studying so called completely integrable nonlinear evolution equations, especially for constructing by means of special Darboux transformations [10, 12] their exact solutions like solitons and many others. Such an activity is now in progress and the corresponding results will be published later.
